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Abstract
We derive the Hu-Paz-Zhang master equation for a Brownian particle linearly coupled to a bath of
harmonic oscillators on the plane with spatial noncommutativity. The results obtained are exact to all
orders in the noncommutative parameter. As a by-product we derive some miscellaneous results such as
the equilibrium Wigner distribution for the reservoir of noncommutative oscillators, the weak coupling
limit of the master equation and a set of sufficient conditions for strict purity decrease of the Brownian
particle. Finally, we consider a high-temperature Ohmic model and obtain an estimate for the time
scale of the transition from noncommutative to ordinary quantum mechanics. This scale is considerably
smaller than the decoherence scale.
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1 Introduction
The question of space-time noncommutativity has a long-standing story. It was put forward by Snyder
[1], Heisenberg, Pauli [2] and Yang [3] as a means to regularize quantum field theories. However, the
development of renormalization techniques and certain undesirable features of noncommutative theories
such as the breakdown of Lorentz invariance have hindered further research in this direction. More recently,
several important developments in various approaches to the quantization of gravity have revived the
interest in the concept of noncommutative space-time. See for instance [4] in the context of 3d gravity. In
the realm of string theory, the discovery that the low energy effective theory of a D-brane in the background
of a Neveu-Schwarz-Neveu-Schwarz B field lives on a space with spatial noncommutativity [5], [6], [7] has
triggered an enormous amount of research in this field. From another perspective, a simple heuristic
argument, based on Heisenberg’s uncertainty principle, the equivalence principle and the Schwarzschild
metric, shows that the Planck length seems to be a lower bound on the precision of a measurement of
position [8]. This reenforces the point of view that a new (noncommutative) geometry of space-time will
emerge at a fundamental level. The simplest way to implement these ideas in quantum field theories is by
adding to the phase-space noncommutativity of quantum mechanics a new space-time noncommutativity.
Connes’ noncommutative geometry [9], [10] provides a suitable mathematical framework for the formulation
of quantum field theories in noncommutative space-time. These theories have been intensively studied in
the literature (for a review see [11], [12]). In most of the approaches [10], [13] the space-time coordinates
xµ do not commute, either in a canonical way
[xµ, xν ] = iθµν , (1)
or in a Lie-algebraic way
[xµ, xν ] = iCµνβ x
β, (2)
where θµν and Cµνβ are constants. In general, one assumes that θ
0i = 0 (or C0iβ = 0) (i.e. that time is an
ordinary commutative parameter) to avoid problems with the lack of unitarity.1 Equations (1,2) can be
regarded as a particular case of the more general deformation [xµ, xν ] = ifµν(x) [15, 16], where fµν(x) are
real functions of x such that fµν(x) = −f νµ(x)2. This occurs when the laboratory frame has a space-time
dependent motion. As proposed in [18] it is likely that fµν has a fixed value in the Cosmic Microwave
Background Radiation frame, which may be considered as approximately fixed in the celestial sphere. For
this and technical reasons, many authors have chosen the simpler situation (1) to explore some of the
qualitative (and possible quantitative) effects of the noncommutative extensions. Indeed, the constant
matrix θµν in (1) defines a bilinear skew-symmetric form Ωθ(a, b) =
∑
µ,ν aµθ
µνbν . If the dimensionality is
even and this form is non-degenerate (this will be the case in the present work), then by a linear version of
Darboux’s Theorem [19] there exists a linear transformation which takes Ωθ into the standard symplectic
form of classical mechanics (see below). This simplifies dramatically the approach to such systems. For
these reasons, in this work we shall concentrate on the canonical case (1), and leave other extensions (such
as (2)) for future a future work.
Adopting this point of view many authors have addressed the problem of testing the existence of space-
time noncommutativity in nature by resorting to a quantum mechanical approximation to the complete
quantum field theory. This theory of quantum mechanics with noncommutativity of the canonical type (1)
is conventionally known as noncommutative quantum mechanics [20]-[31]. This sort of theory also appears
in the context of quantum constrained systems [32].
Ho and Kao [26] derived quantum mechanics from noncommutative quantum field theory in the nonrel-
ativistic limit and showed that particles with opposite charges display opposite noncommutativity. Bolonek
1This claim seems debatable. See [14] for an alternative.
2see [17] for a recent survey of the various types of deformations and some of there consequences at the classical level.
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and Kosin´sky [27] proved that Heisenberg’s uncertainty principle is somewhat more restrictive in noncom-
mutative quantum mechanics in the sense that e.g. on the noncommutative plane there are no quantum
states saturating simultaneously more than one of the uncertainty relations. Most of the research thus
far aims at finding upper bounds on the noncommutative parameters or at evaluating noncommutative
corrections to ordinary quantum mechanical systems such as the harmonic oscillator, the Landau problem,
the hydrogen atom, Lamb shift etc. [15]-[31]. Unfortunately, all these corrections seem to be too small to
be detected experimentally with present technology.
In this work we shall consider the plane with spatial noncommutativity:
[qˆi, qˆj ] = iθǫij, [qˆi, pˆj ] = ih¯δij , [pˆi, pˆj ] = 0, i, j = 1, 2, (3)
where ǫ12 = −ǫ21 = 1, ǫ11 = ǫ22 = 0 and θ is a real constant. We shall call this the extended Heisen-
berg algebra. All the particles appearing in the ensuing analysis will be assumed to display the same
noncommutative parameter θ. We shall frequently use the notation:
a ∧ b = aTEb =
∑
i,j=1,2
ǫijaibj = a1b2 − a2b1. (4)
Various arguments lead to the following estimate [16]:
θ ≤ 4× 10−40m2. (5)
To derive the noncommutative version of a quantum mechanical system one may follow two equivalent
strategies. In the first case, one considers the usual Hamiltonian where now position dependent functions
are multiplied by resorting to the Moyal ⋆θ-product [20]. If one considers e.g. a Hamiltonian of the form
Hˆ =
pˆ2
2m
+ V (qˆ), (6)
where qˆ = (qˆ1, qˆ2), pˆ
2 = pˆ21 + pˆ
2
2, then the eigenvalue equation reads:
− h¯
2
2m
∇2qψ(q) + V (q) ⋆θ ψ(q) = Eψ(q), (7)
where ∇q = (∂/∂q1, ∂/∂q2) and
A(q) ⋆θ B(q) = exp
(
iθ
2
∇q ∧ ∇q′
)
A(q)B(q′)
∣∣∣∣
q′=q
. (8)
One may however follow an alternative (but equivalent) route by noting that through a sort of ”Seiberg-
Witten map” [8]
Rˆi = qˆi +
θ
2h¯
ǫij pˆj, Πˆi = pˆi, (9)
the noncommutative algebra (3) may be transformed into the usual Heisenberg algebra:
[
Rˆi, Rˆj
]
=
[
Πˆi, Πˆj
]
= 0,
[
Rˆi, Πˆj
]
= ih¯δij . (10)
In eq.(9) and henceforth we shall adopt the Einstein convention. Once the Hamiltonian (6) has been
expressed in terms of the canonical variables (Rˆ, Πˆ), the usual quantization procedure follows. In particular,
the space of states of noncommutative quantum mechanics remains L2
(
R
2, dR
)
.
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The aim of this research project is to study the emergence of ordinary quantum mechanics in the
context of noncommutative quantum mechanics. We shall follow [33] and call this the noncommutative-
commutative (NC-C) transition. This question is as pertinent as the question of how the classical world
emerges in quantum theory [34]. It is well known that, in this case, there is no simple answer. Depending on
the system [33] the criteria for classicality may vary. One may consider the formal limits h¯→ 0, n→ 0 (n is
some quantum number), N →∞ (N is the number of particles), or, alternatively, various approximations
such as Ehrenfest’s theorem, WKB approximations, high-temperature expansions or coherent states. In
many cases one even resorts to combinations of various of these criteria.
Our strategy to induce a NC-C transition consists of coupling our noncommutative system to an
external bath and thus treat it as an open system. This is well known in the context of environment-
induced decoherence where a Brownian particle interacts with a heat bath at thermal equilibrium [34]. To
keep our calculations as simple as possible we shall assume as in [35] that the reservoir is constituted of
identical bosonic particles interacting through a potential which has an absolute minimum and that there
are no appreciable deviations from the equilibrium. Moreover we require that the coupling be weak so
that only the linear response will be considered. This is commonly known as the harmonic approximation.
The difference here is that all the particles involved live on the noncommutative plane with identical
noncommutative parameter θ. In the present paper we shall obtain an exact master equation (to all orders
in θ) for the reduced Wigner function of the Brownian particle which is the noncommutative extension of
the Hu-Paz-Zhang equation [36], [37]. In our derivation we shall follow closely the method of Halliwell and
Yu [38]. For this purpose a Weyl-Wigner formulation for noncommutative quantum mechanics is required
[39]-[45]. Some work in this direction has already been developed [8], [33], [46]. For our purposes we just
need to recapitulate a few basic facts. In addition to the Moyal ⋆θ-product defined in (8) which involves
only the position variables we shall also consider the usual Moyal ⋆h¯-product:
A(z) ⋆h¯ B(z) = exp
(
ih¯
2
∇z · J∇z′
)
A(z)B(z′)
∣∣∣∣
z′=z
, (11)
where ∇z = (∂/∂q, ∂/∂p), z = (q, p), etc and J is the 2d× 2d symplectic matrix:
J =
(
Od×d Id×d
−Id×d Od×d
)
(12)
and d is the number of degrees of freedom (in this paper d = 2). However, the basic algebraic structures
for noncommutative quantum mechanics in phase space are the extended ⋆-product (d = 2):
A(z) ⋆ B(z) = A(z) ⋆h¯ ⋆θB(z) = exp
(
ih¯
2
∇z · J∇z′ + iθ
2
∇q ∧∇q′
)
A(z)B(z′)
∣∣∣∣
z′=z
, (13)
and the extended Moyal bracket:
[A(z), B(z)] =
1
ih¯
(A(z) ⋆ B(z)−B(z) ⋆ A(z)) . (14)
These expressions were derived in refs.[33, 46, 47] using various methods. The dynamics of the noncom-
mutative Wigner function is dictated by the extended Moyal equation:
∂W
∂t
(z, t) = [H(z),W (z, t)] . (15)
In the previous equation, the noncommutative Wigner function W (z) describes the state of the system. If
the state is pure, then (for d = 2) [46], [47]:
W (q, p) =
1
(πh¯)2
∫
IR2
dy e−
2i
h¯
y·pψ(q − y) ⋆θ ψ(q + y), (16)
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where the ⋆θ product, which acts only on q, is given by (8). As usual, mixed states are described by
convex combinations of states of the form (16). An important thing to remark is that, in general, these
noncommutative Wigner functions are not the ordinary Wigner functions of quantum mechanics. Indeed,
if we compute the marginal distribution∫
IR2
dp W (q, p) = ψ(q) ⋆θ ψ(q), (17)
we conclude that it may not be everywhere non-negative. And thus, it cannot be interpreted as a true joint
probability measure for q1, q2. Clearly, this is a consequence of the noncommutativity (3) and the associated
uncertainty relations. Nevertheless, the existence of functions which are simultaneously noncommutative
and ordinary Wigner functions is not precluded [48]. In this work, we shall use as a criterion for the
NC-C transition, the fact that the quasi-distribution describing the state of the Brownian particle is both
a noncommutative and an ordinary Wigner function for a sufficiently long time (typically the relaxation
time scale on which the particle reaches equilibrium with its environment).
The noncommutative Wigner function for a state at equilibrium (β = 1kBT ) with density matrix
ρˆ =
(
Tre−βHˆ
)−1
e−βHˆ (18)
is given by [46]
W (z) = Ne−βH⋆ , (19)
where N is a normalization constant, z may this time represent a collection of positions and momenta for
several particles and φ(β, z) ≡ e−βH⋆ is the noncommutative exponential solution of the equation (regarded
as a partial differential equation):
∂φ
∂β
= −1
2
(H ⋆ φ+ φ ⋆ H) (20)
and subject to the boundary condition:
φ (β = 0, z) = 1, ∀z ∈ T ∗M. (21)
This is an extension of the formula obtained for the deformation quantization of ordinary quantum me-
chanics in [49, 50]. In these references the extended ⋆-product appearing e.g. in eq.(20) is replaced by the
Moyal product ⋆h¯ (11).
It is also important to note that the quantity
p[W ] ≡
∫
dz W 2(z), (22)
associated with the state W is still a measure of the purity of the system. In ref.[46] the authors proved
that there is an upper bound for the purity just like in the commutative case. Indeed if the system is in a
state represented by the noncommutative Wigner function W (q, p) then:


p[W ] = 1
(2πh¯)d
, if W (z) is a pure state
p[W ] < 1
(2πh¯)d
, if W (z) is a mixed state
(23)
This is all that will be required for the purposes of this paper in terms of the Weyl-Wigner formulation of
noncommutative quantum systems. We have addressed this issue in more depth elsewhere [47].
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Before we conclude, a few remarks are in order. It may seem unnatural to have spatial noncommuta-
tivity and not the full phase space noncommutativity with the last commutation relation in (3) replaced
by [15], [30]:
[pˆi, pˆj ] = iηǫij , i, j = 1, 2. (24)
We shall however consider the simpler version in (3). There are various reasons for this. (i) Most authors
[20], [31], [22] regard the algebra in (3) as the basis for noncommutative quantum mechanics. This is fact
a direct prescription stemming from string theory, where the momentum noncommutativity is absent. (ii)
Moreover, there are some interesting connections with the Landau problem and the quantum Hall effect
[31], [51], [52]. (iii) For the particular physical situation of the present work, the derivation of the master
equation is cumbersome and an additional deformation of the momentum commutation relations would
make this task even harder, while undermining our main objective: that of showing that the dissipative
interaction of the system with an external environment is a suitable mechanism to induce the appearance
of ordinary quantum mechanics in the realm of noncommutative quantum mechanics (we shall address
this issue in section 6). (iv) As we mentioned before, in order to assess whether the NC-C transition has
occurred, we need to know whether the state of the Brownian particle is described by a quasi-distribution
which is simultaneously a noncommutative and an ordinary Wigner function. While it is by now firmly
established what is meant by a noncommutative Wigner function (cf.(16)), when there is only spatial
noncommutativity, there is no undisputed counterpart when the momenta are also noncommuting. For
these reasons, we shall stick to the algebra (3).
Finally, let us summarize our motivation for writing this paper. Our main purpose is to derive a master
equation governing the behaviour of a Brownian particle in interaction with an external environment in
the context of a noncommutative extension of quantum mechanics. This equation provides an interesting
starting point to address various (conceptual and structural) open issues on noncommutative quantum
mechanics, namely:
(i) Can we understand under which conditions is a noncommutative system accurately described by the
rules of ordinary quantum mechanics? This is an important point: if our universe is noncommutative
and noncommutative quantum field theories are thus more fundamental than ordinary quantum theory,
then we should be able to explain how ordinary quantum mechanics emerges in this context. The lessons
learned in the past decade about the transition from ordinary quantum mechanics to classical mechanics
will hopefully be a useful guide. One approach that has been intensively explored in this context is that
of dechoerence. Can a similar mechanism of dechoerence explain why our world looks ”commutative” just
as it partially explains why it looks mainly classical? In this paper we prove that this seems to be the
case. In fact the example studied in section 6 suggests that, in agreement with the claims of [33], the
noncommutative-commutative transition takes place before the quantum to classical transition. Moreover,
the time scale of the former transition is (at least) 7 orders of magnitude shorter than that of the latter.
And both of them are extremely short. This highlights the fact that we see a classical world and with some
effort a quantum world, but not a ”noncommutative” quantum world.
(ii) Another important aspect concerns the symmetries of the theory. Many theoretical and experimental
works (see e.g. [53]-[58]) have recently addressed the breakdown of Lorentz invariance. Noncommutative
quantum field theories are known to break this symmetry [11]. The system considered in this work is
non-relativistic. However, we may regard it as a simplified toy model for addressing this problem. Indeed a
two-dimensional harmonic oscillator Hamiltonian commutes with the angular momentum Lˆ = qˆ1pˆ2− qˆ2pˆ1,
which is the generator of rotations on the plane. Once the oscillator is coupled to an external environment,
then its angular momentum ceases to be conserved, and the rate of change is then determined by the torque
exerted by the environment. Nevertheless this effect is controllable, and if the coupling is sufficiently weak,
then during a finite lapse of time the angular momentum is approximately conserved. If we now add the
extra spatial noncommutativity (3), then the rotational invariance is automatically broken even if we switch
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off the coupling to the environment. In this noncommutative case, there are thus two contributions to the
breakdown of rotational invariance: the torque of the external bath, and the noncommutative contribution.
If the coupling is sufficiently weak, then during a certain lapse of time (say t1), the external torque will
have only a residual influence on the angular momentum of the Brownian particle. However, as mentioned
in (i), the time scale t0 for the noncommutative-commutative transition is extremely short. After this
instant t0, we expect to see the noncommutative contribution to the angular momentum balance equation
gradually fading away. And thus during the time interval [t0, t1], a rough conservation of the angular
momentum is to be expected. This would be an interesting toy model to explain why Lorentz invariance is
such a (experimentally) robust symmetry (even if our universe is noncommutative). We hope to consider
this problem in a future work.
This paper is organized as follows. In the next section we obtain an expression for the noncommutative
Wigner distribution of a collection of noninteracting noncommutative harmonic oscillators at thermal
equilibrium as well as various expectation values which will be useful for the sequel. In section 3 we derive
the exact noncommutative Hu-Paz-Zhang equation. In section 4, we obtain the equation that governs the
dynamics of the purity and state sufficient conditions for a strict decrease of this quantity. As particular
cases we address the weak coupling limit in section 5, and a noncommutative version of the Caldeira-
Leggett model [35] in section 6. In the latter case, we obtain an estimate for the time scale of the NC-C
transition. Finally, in section 7 we present our conclusions. The lengthy derivations of the coefficients of
the master equation and of the equilibrium distribution of the bath are relegated to the Appendices.
2 Equilibrium distribution and momenta for a heat bath of noncom-
mutative harmonic oscillators
The purpose of this section is to state useful results concerning the equilibrium noncommutative Wigner
distribution for a bath of N noncommutative harmonic oscillators at temperature T = 1kBβ . All the
formulae presented here are derived explicitly in Appendix 1. We assume the oscillators to be noninter-
acting, and to have masses (mn) and frequencies (ωn). The corresponding variables
(
qˆ(n), pˆ(n)
)
obey the
noncommutative algebra:[
qˆ
(n)
i , qˆ
(m)
j
]
= iθδn,mǫij ,
[
qˆ
(n)
i , pˆ
(m)
j
]
= ih¯δn,mδi,j ,
[
pˆ
(n)
i , pˆ
(m)
j
]
= 0. (25)
The Hamiltonian is:
Hˆ
({
qˆ(n), pˆ(n)
})
=
N∑
n=1
Hˆ(n)
(
qˆ(n), pˆ(n)
)
, Hˆ(n)
(
qˆ(n), pˆ(n)
)
=
(
pˆ(n)
)2
2mn
+
1
2
mnω
2
n
(
qˆ(n)
)2
. (26)
The following quantities will be useful:
L(n) = q(n) ∧ p(n), λn = mnω
2
nθ
2h¯
, Mn =
mn
1 + (λn/ωn)2
, Ωn = ωn
√
1 + (λn/ωn)2. (27)
As the oscillators are noninteracting, the noncommutative Wigner function factorizes:

W b
({
q(n), p(n)
})
=
∏N
n=1W
b
n
(
q(n), p(n)
)
,
W bn
(
q(n), p(n)
)
= 1(πh¯)2 tanh
[
h¯β
2 (Ωn + λn)
]
tanh
[
h¯β
2 (Ωn − λn)
]
exp
[
−an(β)
(
p(n)
)2 − cn(β)(q(n))2 − 2bn(β)L(n)
]
,
(28)
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where: 

an(β) =
(Ωn+λn)2
2h¯MnΩ3n
tanh
[
h¯β
2 (Ωn − λn)
]
+ (Ωn−λn)
2
2h¯MnΩ3n
tanh
[
h¯β
2 (Ωn + λn)
]
cn(β) =
MnΩn
2h¯
{
tanh
[
h¯β
2 (Ωn − λn)
]
+ tanh
[
h¯β
2 (Ωn + λn)
]}
bn(β) =
(Ωn+λn)
2h¯Ωn
tanh
[
h¯β
2 (Ωn − λn)
]
− (Ωn−λn)2h¯Ωn tanh
[
h¯β
2 (Ωn + λn)
]
(29)
For the purposes of this work, we shall need the following expectation values:
< qˆ
(n)
i >=< pˆ
(n)
i >= 0
<
qˆ
(n)
i
pˆ
(m)
j
+pˆ
(m)
j
qˆ
(n)
i
2 >= − h¯δn,mǫij4Ωn
{
(Ωn + λn) coth
[
h¯β
2 (Ωn + λn)
]
− (Ωn − λn) coth
[
h¯β
2 (Ωn − λn)
]}
< pˆ
(n)
i pˆ
(m)
j >=
h¯δn,mδijMnΩn
4
{
coth
[
h¯β
2 (Ωn + λn)
]
+ coth
[
h¯β
2 (Ωn − λn)
]}
<
qˆ
(n)
i
qˆ
(m)
j
+qˆ
(m)
j
qˆ
(n)
i
2 >=
h¯δn,mδij
4MnΩ3n
{
(Ωn + λn)
2 coth
[
h¯β
2 (Ωn + λn)
]
+ (Ωn − λn)2 coth
[
h¯β
2 (Ωn − λn)
]}
(30)
3 The noncommutative Brownian particle
In this section we shall consider the combined system of a noncommutative quantum Brownian particle
and the heat bath of the previous section. The Brownian particle is an oscillator of mass M and bare
frequency Ω. Its coordinates and momenta are (q, p). We assume the particle to be linearly coupled to the
environment so that the total Hamiltonian reads:
Hˆ =
pˆ2
2M
+
1
2
MΩ2qˆ2 +
N∑
n=1
Hˆ(n) + qˆ ·
N∑
n=1
Cnqˆ
(n), (31)
where Hˆ(n) is as in eq.(26). As usual [35], [38] we assume that at time t = 0 the system and environment
are uncorrelated:
W0
(
q, p;
{
q(n), p(n)
})
=W S0 (q, p) ·W b0
({
q(n), p(n)
})
, (32)
whereW b0 is given by (27-29). The Wigner function of the combined ensemble satisfies the noncommutative
Moyal equation (15):
ih¯∂W∂t = H ⋆W −W ⋆H ⇐⇒ ∂W∂t = − pM · ∇qW +MΩ2q · ∇pW +
∑
n
(
−p(n)mn · ∇q(n) +mnω2nq(n) · ∇p(n)
)
W+
+
∑
nCn
(
q(n) · ∇p + q · ∇p(n)
)
W + θh¯
∑
n
(
mnω
2
nq
(n) + Cnq
)
∧ ∇q(n)W + θh¯
(
MΩ2q +
∑
nCnq
(n)
)
∧ ∇qW.
(33)
The reduced Wigner function of the Brownian particle is obtained from W by tracing out the environment’s
degrees of freedom:
Wr(q, p) ≡
∫ [∏
n
dq(n)dp(n)
]
W
(
q, p,
{
q(n), p(n)
})
. (34)
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Let us now perform this integration in eq.(33). We shall assume that W and its first derivatives vanish at
infinity, so that there will be no phase-space surface contributions. The result is:
∂Wr
∂t = − pM · ∇qWr +MΩ2q · ∇pWr +
∑
nCn∇p ·
∫ [∏
m dq
(m)dp(m)
]
q(n)W
(
q, p,
{
q(m), p(m)
})
+
+ θh¯MΩ
2q ∧ ∇qWr − θh¯
∑
nCn∇q ∧
∫ [∏
m dq
(m)dp(m)
]
q(n)W
(
q, p,
{
q(m), p(m)
})
.
(35)
So we have to evaluate the following quantities:
G(q, p) ≡
∑
n
Cn
∫ [∏
m
dq(m)dp(m)
]
q(n)W
(
q, p,
{
q(m), p(m)
})
. (36)
Following the same argument as in [38] we conclude that:
G(q, p) = [A(t)q +B(t)p +C(t)∇q +D(t)∇p]Wr(q, p), (37)
where A, B, C, D are, for the time being, arbitrary time dependent 2 × 2 matrices. We then get from
(35):
∂Wr
∂t = − pM · ∇qWr +MΩ2q · ∇pWr + (∇pWr) ·A(t)q +∇p · (B(t)pWr) +∇p · (C(t)∇qWr) +∇p · (D(t)∇pWr)+
+ θh¯MΩ
2q ∧ ∇qWr − θh¯∇q ∧ (A(t)qWr)− θh¯∇q ∧ (B(t)pWr)− θh¯∇q ∧ (C(t)∇qWr)− θh¯∇q ∧ (D(t)∇pWr) .
(38)
It is important to remark that, in the commutative limit (θ → 0) and for quadratic Hamiltonians, there
is no difference between the Moyal equation (15) and the classical Liouville equation. In that case the
quantum effects manifest themselves through the bath’s equilibrium distribution (28) (with θ = 0). This is
where Planck’s constant makes its appearance. At the level of the master equation these quantum effects
will be encoded solely in the matrix coefficients A(t),B(t),C(t),D(t). In contrast with this behaviour, in
the noncommutative case (θ > 0), the quantum noncommutative effects appear explicitly in the master
equation (38) even for quadratic Hamiltonians.
We conclude this section by presenting an expression for the matrix coefficients A(t),B(t),C(t),D(t)
in terms of physical quantities which characterize the environment. All the relevant equations are derived
in the lengthy Appendix 2.
As in the commutative case the environment is characterized by a dissipation (ηij(t)) and a noise kernel
(νij(t)). These read:
ηij(t) =
d
dt
∫ +∞
0
dω
ω
[
I+(ω)δij cos(ωt) + I
−(ω)ǫij sin(ωt)
]
, (39)
and
νij(t) =
∫ +∞
0
dω coth
(
h¯βω
2
) [
I+(ω)δij cos(ωt) + I
−(ω)ǫij sin(ωt)
]
. (40)
Here I±(ω) are the spectral densities:
I±(ω) =
∑
n
C2nω
2
4mnω2nΩn
[δ(ω − Ωn − λn)± δ(ω − Ωn + λn)] , (41)
where λn,Ωn are as in eq.(27). The matrix coefficients of the master equation, will also depend on the
elementary functions uij(s), vij(s), linearly independent solutions of the homogeneous integrodifferential
equations [36], [37]:
Σ¨ij(s) + Ω
2Σij(s)− θ
h¯
MΩ2ǫikΣ˙kj(s) +
2
M
∫ s
0
dτ ηkl(s − τ)
(
δik − Mθ
h¯
ǫik
d
dτ
)
Σlj(τ) = 0, (42)
9
with the boundary conditions: {
uij(s = 0) = δij , uij(s = t) = 0,
vij(s = 0) = 0, vij(s = t) = δij
(43)
We can subsequently construct the functions:
G
(1)
ij (s, τ) =
{
Lik(s, τ)L
′−1
kj (τ, τ), if s > τ
0, otherwise
, G
(2)
ij (s, τ) =
{
Lik(s, τ)L
′−1
kj (τ, τ), if τ > s
0, otherwise
,
(44)
with
Lij(s, τ) = uij(s)− vik(s) (v(τ))−1kl u(τ)lj , L′ij(τ, τ) =
∂
∂s
Lij(s, τ)
∣∣∣∣
s=τ
(45)
Functions G
(k)
ij (s, τ) (k = 1, 2) are the Green functions of eq.(147) (Appendix 2) with boundary conditions:

G
(1)
ij (s, s
−) = 0, ddsG
(1)
ij (s, τ)
∣∣∣
τ=s−
= δij ,
G
(2)
ij (s, s
+) = 0, ddsG
(2)
ij (s, τ)
∣∣∣
τ=s+
= δij,
(46)
Here and henceforth, we shall tacitly assume that the inverse matrices of (v˙ij(s)) and (u˙ij(s)) exist. We
are now in a position to present the expressions for all the coefficients appearing in the master equation.
The result is:
Aij(t) = 2
∫ t
0 ds ηkl(t− s)
(
δik − Mθh¯ ǫik dds
) [
vlj(s)− ula(s) (u˙(t))−1ab v˙bj(t)
]
Bij(t) =
2
M
∫ t
0 ds ηlk(t− s)
(
δil − Mθh¯ ǫil dds
){
uka(s) (u˙(t))
−1
aj +
θM
h¯ ǫrj
[
vkr(s)− uka(s) (u˙(t))−1ab v˙br(t)
]}
Cij(t) =
h¯
M
∫ t
0 dλ Λ
(1)
jk (t, λ)νik(t− λ) + 2h¯M2
∫ t
0 ds
∫ t
s dτ
∫ t
0 dλ Λ
(1)
jk (t, λ)Λ
(2)
lr (s, τ)ηil(t− s)νrk(τ − λ)
Dij(t) = h¯
∫ t
0 dλ
[
d
dtG
(1)
jk (t, λ)
]
νik(t− λ) + 2h¯M
∫ t
0 ds
∫ t
s dτ
∫ t
0 dλ ηil(t− s)
[
d
dtG
(1)
jk (t, λ)
]
Λ
(2)
lr (s, τ)νrk(τ − λ)
(47)
where
Λ
(k)
ij (s, τ) =
(
δil − θ
h¯
Mǫil
d
ds
)
G
(k)
lj (s, τ), k = 1, 2. (48)
Two remarks are now in order. First of all the integrals in the previous expressions should be regarded as
improper in the sense that e.g
∫ t
0 ds = limǫ→0+
∫ t+ǫ
0 ds. This is also required in the commutative case [38].
Secondly, as in the commutative case, all the matrices in the previous equation are in principle completely
determined once the dissipation and noise kernels ηij(t), νij(t) are given. In particular, they do not depend
on the initial conditions of the Brownian particle.
The structure of equations (47) looks very complicated. However, in most applications, one considers
simplified situations, such as the weak coupling limit (see section 5) or the Ohmic high temperature
Caldeira-Leggett model (see section 6).
4 Purity
A common issue in the context of dissipative quantum mechanics is that of finding general conditions of
dissipativity [59], [60], i.e conditions under which the purity of a state is guaranteed to decrease. Using
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the noncommutative Hu-Paz-Zhang equation derived in section 3 we may now obtain a set of sufficient
conditions for this ”H-theorem” to hold for the reduced Wigner function Wr. After a simple calculation
we obtain:
p˙[Wr] = Tr
(
B− θ
h¯
EA
)
p[Wr]−
∫
dz ∇zWr · J∇zWr, (49)
where z and ∇z are as in eq.(11). The 2× 2 matrices A, B, C and D are as in (47), E is the 2× 2 matrix
with entries ǫij and J is the 4× 4 matrix:
J =


θ
h¯(C
T
E−EC) CT − θh¯ED
C+ θh¯D
T
E D+DT

 (50)
Since p[Wr] ≥ 0, we then have the following set of sufficient conditions for strict ”purity” decrease:
(i) the 2× 2 matrix B− θh¯EA has nonpositive trace; and
(ii) the 4× 4 matrix J is positive semidefinite.
5 The weak coupling limit
As a particular case we consider a weak coupling between the Brownian particle and the heat bath. We
will determine the matrices (47) to order O (C2n). As ηij(t), νij(t) are of order O (C2n), we conclude from
(47) that we shall need the functions uij(t), vij(t) only to zero-th order:
Σ¨ij(s) + Ω
2Σij(s)− θ
h¯
MΩ2ǫikΣ˙kj(s) = 0. (51)
The general solution is given by:
Σij(s) = mikρkj(s) + nikλkj(s), (52)
where mij, nij are real constants and:

λij(s) =
1
2Σ
∑
σ=± [δij(Σ− σλ) cos ((Σ + σλ)s) + σǫij(Σ− σλ) sin ((Σ + σλ)s)]
ρij(s) =
1
2Σ
∑
σ=± [δij sin ((Σ + σλ)s)− σǫij cos ((Σ + σλ)s)]
(53)
with
λ =
MΩ2θ
2h¯
, Σ = Ω
√
1 +
(
λ
Ω
)2
. (54)
Notice that:
λij (s = 0) = ρ˙ij (s = 0) = δij , λ˙ij (s = 0) = ρij (s = 0) = 0. (55)
To compute Aij(t), Bij(t) we do not really need the functions uij(s), vij(s), but rather the alternative set
Rij(s) = vij(s)− uik(s) (u˙(t))−1kl v˙lj(t), Tij(s) = uik(s) (u˙(t))−1kj , (56)
which are equally linearly independent solutions of (42) with initial conditions:
Rij (s = t) = T˙ij (s = t) = δij , R˙ij (s = t) = Tij (s = t) = 0 (57)
From (52,55,57) we obtain:
Rij(s) = λij(s − t), Tij(s) = ρij(s− t) (58)
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We then get from (47):


Aij(t) = 2
∫ t
0 ds ηkl(s)
(
δik +
Mθ
h¯ ǫik
d
ds
)
λjl(s)
Bij(t) =
2
M
∫ t
0 ds ηkl(s)
(
δik +
Mθ
h¯ ǫik
d
ds
) [
ρjl(s)− θMh¯ ǫjrλrl(s)
] (59)
In the commutative limit (λ→ 0,Σ→ Ω),
λij(t)→ δij cos(Ωt), ρij(t)→ δij
Ω
sin(Ωt), ηij(t)→ δijη(t), (60)
where:
η(t) = −
∑
n
C2n
2mnωn
sin(ωnt) (61)
is the commutative dissipation kernel. We then have:
Aij(t)→ 2δij
∫ t
0
ds η(s) cos(Ωs), Bij(t)→ 2δij
Mωn
∫ t
0
ds η(s) sin(Ωs) (62)
as expected [38]. To compute Cij(t), we need (s < τ):
G
(1)
ij (s, τ) = [uik(s)vkl(τ)− vik(s)ukl(τ)] [u˙lr(τ)vrj(τ)− v˙lr(τ)urj(τ)]−1 . (63)
Again, this is a solution of (42) in the variable s with conditions:
G
(1)
ij (s, τ)
∣∣∣
s=τ
= 0,
d
ds
G
(1)
ij (s, τ)
∣∣∣∣
s=τ
= δij . (64)
Therefore the solution is:
G
(1)
ij (s, τ) = ρij(s− τ). (65)
The same holds for G
(2)
ij (s, τ) with s < τ . Notice that in eq.(47) the second term in the expression for
Cij(t) is of order greater than O
(
C2n
)
. We are thus left with:
Cij(t) =
h¯
M
∫ t
0
ds νik(s)
(
δjl − θM
h¯
ǫjl
d
ds
)
ρlk(s). (66)
Similarly:
Dij(t) = h¯
∫ t
0
ds νik(s)
(
δjl − θM
h¯
ǫjl
d
ds
)
ρ˙lk(s). (67)
In the commutative limit:
Cij(t)→ h¯δij
MΩ
∫ t
0
ds ν(s) sin(Ωs), Dij(t)→ h¯δij
∫ t
0
ds ν(s) cos(Ωs), (68)
where
ν(s) =
∫ +∞
0
dω coth
(
h¯βω
2
)
I(ω) cos(ωt), I(ω) =
∑
n
C2n
2mnωn
δ(ω − ωn) (69)
are the commutative noise kernel and spectral density, respectively. Again this is in agreement with known
results.
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6 The Caldeira-Leggett model
In this section we consider a simplified situation known as the Caldeira-Leggett model [35]. We shall
assume a continuum of oscillators with typical mass:
mn ∼ m, ∀n (70)
such that: ∑
n
C2n −→
∫ +∞
0
dω ρD(ω)C
2(ω), (71)
where
ρD(ω)C
2(ω) =
{
2mηω2
π , ω < Λ
0 , ω > Λ
(72)
Here Λ is a high-frequency cutoff, and η is a damping constant. This model is Ohmic in the commutative
limit in the sense that the spectral density (41) I+(ω) is proportional to ω. In fact:
I+(ω) =
ηω
π
, I−(ω) = 0 (θ = 0). (73)
We shall now make several approximations. We shall assume a high-temperature regime leading to a rapid
localization, so that the localization timescale is much shorter than the relaxation timescale on which
the system reaches equilibrium with its environment. Moreover we shall only consider noncommutative
corrections to first order in θ. This means that our description of the system will apply to short times and
that
√
θ is small when compared with the typical coherence length. Altogether:
MΛθ
h¯
<< 1,
θη
h¯
<< 1,
h¯Λ
kBT
<< 1. (74)
Finally, we consider the typical mass of the bath to be much smaller than that of the Brownian particle:
m
M
<< 1. (75)
Under these assumptions and after some calculation, we obtain from (39,40):


ηij(t) ∼ η
(
δij +
mθ
2h¯ ǫij
d
dt
)
δ′(t)
νij(t) ∼ 2ηkBTh¯
(
δij +
mθ
2h¯ ǫij
d
dt
)
δ(t)
(76)
where as usual, we used the representation of the delta function:
δ(t) = lim
Λ→+∞
sin(Λt)
πt
. (77)
Here and henceforth, the symbol ∼ denotes the approximation (74,75).
To compute the coefficients A,B,C,D of the master equation, we need the functions Rij(s), Tij(s) as
they were defined in (56). In fact, we shall only need to know their boundary conditions (57), and their
differential equation (42) to order zero in θ. From (47,57,76), we obtain after some integrations by parts:
Aij(t) ∼ −2ηMθ
h¯
ǫilR¨
(0)
lj (t)− 2ηδijδ(0) −
ηmθ
h¯
δ′(0)ǫij , (78)
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where R
(0)
ij (s) is the zeroth-order (in θ) approximation of Rij(s). To this order, we have from eq.(42):
R¨
(0)
ij (t) = −Ω2renR(0)ij (t)−
2η
M
R˙
(0)
ij (t) = −Ω2renδij . (79)
Here Ωren is the renormalized frequency [35], [38]:
Ω2ren = Ω
2 − 2η
M
δ(0). (80)
Altogether:
Aij(t) ∼ −2ηδijδ(0) + 2θηM
h¯
Ω2renǫij. (81)
Notice that, as in the commutative case, Aij(t) is time-independent. In a similar fashion, we obtain:
Bij(t) ∼ 2η
M
δij +
4θη2
Mh¯
ǫij, (82)
where we used
T¨
(0)
ij (t) = −
2η
M
δij . (83)
Similarly, to compute Cij(t), we perform a few integrations by parts and use the boundary conditions (46)
for the Green functions G
(1)
ij (s, τ), G
(2)
ij (s, τ). The result reads:
Cij(t) ∼ 2ηKBT θ
h¯
ǫij. (84)
Notice that this term is absent in the commutative limit.
Finally, to compute Dij(t), we need
d2
dt2G
(1)
ij (t, τ)
∣∣∣
τ=t
to zero-th order in θ. This can be evaluated from
eq.(147) (Appendix 2):
d2
dt2
G
(1)
ij (t, τ)
∣∣∣∣∣
τ=t
=
2η
M
δij (θ = 0). (85)
We then obtain:
Dij(t) ∼ 2ηkBTδij + 2ηkBT θ
h¯
σǫij , σ ≡ 2η − m
2
δ(0). (86)
As in the commutative limit, in the Caldeira-Leggett model all the coefficients in the master equation are
constant. Upon substitution of these coeficients in the master equation (38), we obtain:
∂Wr
∂t ∼ − pM · ∇qWr +MΩ2renq · ∇pWr + 2ηM∇p · (pWr) + 2ηkBT∇2pWr
−2θηMΩ2renh¯ q ∧ ∇pWr + 4θη
2
h¯M ∇p ∧ (pWr)− 4θηkBTh¯ ∇q ∧ ∇pWr+
+ θMΩ
2
ren
h¯ q ∧ ∇qWr − 2θηh¯M∇q ∧ (pWr)
(87)
For this model, we obtain from (87) or (49), the following equation for the purity of the system:
p˙ [Wr] =
4η
M
p [Wr]− 4ηkBT
∫
dq
∫
dp |∇pWr(q, p)|2 . (88)
We conclude that the purity obeys the same dynamical equation as in the commutative limit. To observe
differences in this quantity, we should consider higher order corrections in our approximation.
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We now solve the master equation (87), but not in its full generality. We shall set Ωren = 0 and, in the
spirit of (74), we shall take the limit T → +∞, η → 0, while keeping the product:
Γ ≡ 2ηkBT (89)
constant. Altogether, we obtain:
∂Wr
∂t
∼ − p
M
· ∇qWr + Γ∇2pWr −
2θΓ
h¯
∇q ∧ ∇pWr (90)
Strictly speaking this is not a Fokker-Planck equation, as the diffusion matrix is not positive defined.
Similarly, in eq.(88) we obtain:
p˙ [Wr] = −2Γ
∫
dq
∫
dp |∇pWr(q, p)|2 . (91)
The purity is thus strictly decreasing.
Using standard methods [61], [34], we obtain the solution:
Wr(q, p, t) ∼
∫
dq′
∫
dp′ Gt
(
q − t
M
p− q′, p− p′
)
W0(q
′, p′), (92)
where W0(q, p) is the initial noncommutative Wigner quasi-distribution:
Wr(q, p, t = 0) =W0(q, p), (93)
and Gt(q, p) is the Gaussian kernel:
Gt(z) ∼ 3
(
M
2πΓt2
)2
exp
(
−zTMtz
)
, zT = (q, p). (94)
The matrix Mt reads:
Mt =
3M2
Γt3

 I2×2
t
M I2×2 +
θ
h¯E
t
M I2×2 − θh¯E t
2
3M2
I2×2

 (95)
So Wr(q, p, t) is the convolution (modulo a symplectic transformation) of a noncommutative Wigner func-
tion with a Gaussian. Once the Gaussian satisfies the Heisenberg uncertainty relations
∆q1∆q2 ∼ θ
2
(96)
this convolution will become a Wigner quasi-distribution [48]. As mentioned in the introduction, we assume
that for the NC-C transition to occur, then a necessary (possibly not sufficient) condition should be the fact
that the noncommutative Wigner function describing the state of the system become equally an ordinary
Wigner function. This seems to be a reasonable criterion in analogy with the transition from ordinary
quantum mechanics to classical mechanics. Indeed, in this transition the density matrix of the Brownian
particle becomes approximately diagonal in the position basis. A necessary (but not sufficient) condition for
this is that the corresponding Wigner function be positive. Notice also that if the noncommutative Wigner
function becomes equally an ordinary Wigner function, then in particular, the marginal distribution (17),
will be everywhere non-negative, regardless of whether it was positive or not at the initial time. This will
allow the usual quantum mechanical probabilistic interpretation for the position variables compatible with
a course graining resolving areas greater than θ.
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If we compute ∆qi for the Gaussian Gt(q, p), we obtain:
∆qi ∼
√
2Γt3
3M2
. (97)
From (96,97), we thus get:
tθ ∼ 3
√
3M2θ
4Γ
. (98)
To this order in θ the noncommutative Wigner function becomes a Wigner function at tθ irrespective of
its initial distribution W0(q, p). Strictly speaking, this may happen even before tθ. But what our analysis
shows is that from tθ onwards, it will certainly be a Wigner function. This situation is analogous to that
described in [62], [61].
It is instructive to compare this time scale with the typical time scale of decoherence, where the
transition from ordinary quantum mechanics to classical mechanics takes place:
tD ≃
√
h¯M
Γ
. (99)
From (98,99), we obtain:
tθ ∼ 3
√
Mθt2D
h¯
. (100)
Using the estimate (5), we get
tθ < 10
−2 3
√
Mt2D, (101)
if M is expressed in kg and tθ, tD in seconds. As an example consider an electron in a medium constituted
of air molecules at T = 300K and pressure of 1 atm. For this situation we have [34]:
Γ ∼ 10−33m2kg2s−3. (102)
We thus obtain:
tD ∼ 10−15s tθ ∼ 10−22s, (103)
were we used the estimate (5) for θ. And thus the time scale for the NC-C transition is much shorter than
tD. And one should keep in mind that (5) is an upper bound. Therefore, tθ should be even smaller than
our estimate (103). Notice that this result gives countenance to the claim in [33], that the NC-C transition
takes place before the transition from ordinary quantum mechanics to classical mechanics.
7 Conclusions and outlook
Let us restate our results. We computed the equilibrium Wigner distribution for the reservoir of noncom-
mutative harmonic oscillators as well as the first and second order moments of this distribution. Assuming
uncorrelated but otherwise arbitrary initial distributions for the Brownian particle and the bath, we derived
the exact noncommutative extension of the Hu-Paz-Zhang master equation to all orders in θ. By construc-
tion our equation is Markovian and of the Lindblad form, which ensures the positivity of the evolution.
Moreover, and contrary to what happens in the commutative limit, the quantum effects appear explicitly
in the master equation (38) and not just at the level of the matrix coefficients A(t),B(t),C(t),D(t). We
therefore expect these noncommutative corrections to lead to qualitatively different results. We also stated
sufficient conditions for strict decrease of purity of the Brownian particle. Finally, we considered the par-
ticular cases of the weak coupling limit and the Caldeira-Leggett model. In the latter case, we solved the
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master equation and obtained an estimate for the time scale of the NC-C transition. For an electron at
room temperature and pressure it is at least seven orders of magnitude shorter than the decoherence time
scale. Just as the decoherence mechanism explains why universe looks mainly classical, it also seems to
explain why it is mainly commutative. Our result supports the claim made in [33] that the NC-C transition
takes place before the quantum-classical transition.
In a future work, we expect to further explore this master equation [48]. In particular, we intend to
study a coloured environment, entanglement, and investigate the appearance of certain symmetries once
the NC-C transition occurs. We are obviously thinking of toy models for Lorentz invariance. As there
seem to be different time scales for the various transitions, we could therefore consider a situation where
various systems (with different decohering time scales coexist). We may thus envisage the possibility
of extending hybrid ensembles of coupled classical and quantum subsystems [63]-[66] to hybrid classical-
quantum commutative-quantum noncommutative systems.
Appendix 1
Our aim is to derive the various formulae presented in section 2. Since the oscillators are noninteracting,
we may start by evaluating the distribution for a single particle of mass m and frequency ω. Its position
and momentum variables are qˆ = (qˆ1, qˆ2), pˆ = (pˆ1, pˆ2), respectively, and we assume that they obey the
noncommutative algebra (3). The Hamiltonian reads:
Hˆ (qˆ, pˆ) =
pˆ2
2m
+
1
2
mω2qˆ2. (104)
In terms of Rˆ and Πˆ (cf.(9)), the Hamiltonian may be expressed as:
Hˆ (qˆ, pˆ) = Hˆ
(
Rˆ, Πˆ
)
=
1
2m
[
1 +
(
mωθ
2h¯
)2]
Πˆ2 +
1
2
mω2Rˆ2 − mω
2θ
2h¯
Lˆ, (105)
where Lˆ ≡ Rˆ ∧ Πˆ is the angular momentum. The equilibrium density matrix at temperature T is then:
ρˆ = N exp
[
−βHˆ (qˆ, pˆ)
]
= N exp
[
−βHˆ
(
Rˆ, Πˆ
)]
, (106)
where N is a normalization constant. To obtain the corresponding Wigner function in noncommutative
phase-space we may resort to the generalized Weyl-Wigner map W
(q,p)
(R,Π) introduced in [39]. Indeed, it is
easy to prove that the application of this map induces in the phase space T ∗M the extended ⋆-product
(⋆ = ⋆h¯⋆θ) mentioned in the introduction [47]. This map consists of applying the Weyl-map based on the
Heisenberg algebra (R,Π) (cf(10)) and, subsequently, performing the phase-space version of the operator
diffeomorphism (9). We are thus looking for the noncommutative exponential
φ (β,R,Π) ≡ exp⋆h¯
{
− β
2m
[
1 +
(
mωθ
2h¯
)2]
Π2 − β
2
mω2R2 +
mω2θβ
2h¯
L
}
, (107)
where ⋆h¯ is the usual Moyal product based on the Heisenberg variables (R,Π) (cf.(11)). Let us rewrite the
previous equation as:
φ (β,R,Π) = ψ (k1, k2, R,Π) = exp⋆h¯
[
ik1
(
Π2
2M
+
1
2
MΩ2R2
)
+ ik2ΩL
]
, (108)
17
where 

M = m1+(λ/ω)2 , Ω = ω
√
1 + (λ/ω)2, λ = mω
2θ
2h¯
k1 = iβ, k2 = −iβ λΩ
(109)
The exponential (108) is well known. We have computed it elsewhere [40] (see also [41]) in the context of
the two-dimensional commutative harmonic oscillator. The solution is:
ψ (k1, k2, R,Π) = cos
−1
[
h¯Ω
2 (k1 + k2)
]
cos−1
[
h¯Ω
2 (k1 − k2)
]
×
× exp
{
i
Ωh¯ tan
[
h¯Ω
2 (k1 + k2)
] (
Π2
2M +
1
2MΩ
2R2 +ΩL
)
+ iΩh¯ tan
[
h¯Ω
2 (k1 − k2)
] (
Π2
2M +
1
2MΩ
2R2 − ΩL
)}
.
(110)
To finish our calculation we need to go back to the coordinates (q, p) using (9). A simple calculation leads
to:
φ (β, q, p) = cosh−1
[
h¯β
2
(Ω + λ)
]
cosh−1
[
h¯β
2
(Ω− λ)
]
× exp
[
−a(β)p2 − c(β)q2 − 2b(β)L
]
, (111)
where this time L = q ∧ p and

a(β) = (Ω+λ)
2
2h¯MΩ3 tanh
[
h¯β
2 (Ω− λ)
]
+ (Ω−λ)
2
2h¯MΩ3 tanh
[
h¯β
2 (Ω + λ)
]
c(β) = MΩ2h¯
{
tanh
[
h¯β
2 (Ω− λ)
]
+ tanh
[
h¯β
2 (Ω + λ)
]}
b(β) = (Ω+λ)2h¯Ω tanh
[
h¯β
2 (Ω− λ)
]
− (Ω−λ)2h¯Ω tanh
[
h¯β
2 (Ω + λ)
]
(112)
To check our result, we remark the following. The exponential (111) is formally a solution of (20,21) with
T ∗M ≃ R4. We have checked explicitly that our expression (111) is indeed a solution. Finally, from
(19,111), we conclude that the equilibrium Wigner distribution is:
W (q, p) = N(β) exp
[
−a(β)p2 − c(β)q2 − 2b(β)L
]
, (113)
where N(β) is the normalization constant. To derive N(β) let us first define the following generating
function:
Z(ξ, η) ≡
∫
dq
∫
dp W (q, p) exp (ξ · q + η · p) = π
2N
ac− b2 exp
[
−aξ2 − cη2 − 2bη ∧ ξ
4(b2 − ac)
]
. (114)
The normalization is then given by the condition Z(0, 0) = 1. We thus get:
N(β) =
ac− b2
π2
=
1
(πh¯)2
tanh
[
h¯β
2
(Ω + λ)
]
tanh
[
h¯β
2
(Ω− λ)
]
. (115)
We finally have:
W (q, p) =
1
(πh¯)2
tanh
[
h¯β
2
(Ω + λ)
]
tanh
[
h¯β
2
(Ω− λ)
]
exp
[
−a(β)p2 − c(β)q2 − 2b(β)L
]
. (116)
Notice that in the commutative limit θ → 0, the following holds:

Ω→ ω, λ→ 0, b(β)→ 0
a(β)→ 1mωh¯ tanh
(
h¯ωβ
2
)
, c(β)→ mωh¯ tanh
(
h¯ωβ
2
) (117)
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Consequently:
W (q, p) −→

tanh
(
h¯ωβ
2
)
πh¯


2
exp
[
− 2
ωh¯
tanh
(
h¯ωβ
2
)(
p2
2m
+
1
2
mω2q2
)]
, (118)
which is the correct result for a two-dimensional commutative harmonic oscillator.
Let us now consider N noninteracting harmonic oscillators with masses mn and frequencies ωn. The corre-
sponding variables
(
qˆ(n), pˆ(n)
)
obey the noncommutative algebra (25). Our previous analysis reveals that
the equilibrium noncommutative Wigner functions is given by eqs.(27-29). The corresponding generating
function is:
Zb
({
ξ(n), η(n)
})
=
N∏
n=1
Zbn
(
ξ(n), η(n)
)
, Zbn
(
ξ(n), η(n)
)
= exp

−an
(
ξ(n)
)2 − cn (η(n))2 − 2bnξ(n) ∧ η(n)
4 (b2n − ancn)

 .
(119)
Let us now compute some expectation values using this generating function:
< qˆ
(n)
i >=
∂
∂ξ
(n)
i
Zb
({
ξ(n), η(n)
})∣∣∣∣∣
({ξ(n),η(n)})=0
=
∂
∂ξ
(n)
i
Zbn
(
ξ(n), η(n)
)∣∣∣∣∣
(ξ(n),η(n))=0
= 0. (120)
Similarly:
< pˆ
(n)
i >= 0 (121)
We also have
<
qˆ
(n)
i
pˆ
(m)
j
+pˆ
(m)
j
qˆ
(n)
i
2 >=
∂
∂ξ
(n)
i
∂
∂η
(m)
j
Zb
({
ξ(n), η(n)
})∣∣∣∣∣
({ξ(n),η(n)})=0
= δn,m
∂
∂ξ
(n)
i
∂
∂η
(n)
j
Zbn
(
ξ(n), η(n)
)∣∣∣∣∣
(ξ(n),η(n))=0
=
= − h¯δn,mǫij4Ωn
{
(Ωn + λn) coth
[
h¯β
2 (Ωn + λn)
]
− (Ωn − λn) coth
[
h¯β
2 (Ωn − λn)
]}
(122)
and
< pˆ
(n)
i pˆ
(m)
j >= δn,m
∂
∂η
(n)
i
∂
∂η
(n)
j
Zbn
(
ξ(n), η(n)
)∣∣∣∣∣
(ξ(n),η(n))=0
=
=
h¯δn,mδijMnΩn
4
{
coth
[
h¯β
2 (Ωn + λn)
]
+ coth
[
h¯β
2 (Ωn − λn)
]} (123)
Finally:
<
qˆ
(n)
i
qˆ
(m)
j
+qˆ
(m)
j
qˆ
(n)
i
2 >= δn,m
∂
∂ξ
(n)
i
∂
∂ξ
(n)
j
Zbn
(
ξ(n), η(n)
)∣∣∣∣∣
(ξ(n),η(n))=0
=
=
h¯δn,mδij
4MnΩ3n
{
(Ωn + λn)
2 coth
[
h¯β
2 (Ωn + λn)
]
+ (Ωn − λn)2 coth
[
h¯β
2 (Ωn − λn)
]} (124)
In the commutative limit we recover the expected results [38]:

< pˆ
(n)
i pˆ
(m)
j >−→ h¯mnωnδn,mδi,j2 coth
(
h¯βωn
2
)
<
qˆ
(n)
i
pˆ
(m)
j
+pˆ
(m)
j
qˆ
(n)
i
2 >−→ 0
<
qˆ
(n)
i
qˆ
(m)
j
+qˆ
(m)
j
qˆ
(n)
i
2 >−→
h¯δn,mδi,j
2mnωn
coth
(
h¯βωn
2
)
(125)
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Appendix 2
Our task is now to determine the coefficients A, B, C, D. From eq.(33) we have:
d
dt < qˆi > =
<pˆi>
M +
θ
h¯MΩ
2ǫij < qˆj > +
θ
h¯ǫij
∑
nCn < qˆ
(n)
j >
d
dt <
qˆiqˆj+qˆj qˆi
2 > =
1
M <
qˆipˆj+pˆj qˆi
2 > +
θ
h¯MΩ
2ǫik <
qˆj qˆk+qˆkqˆj
2 > +
θ
h¯ǫik
∑
nCn < qˆj qˆ
(n)
k > +(i←→ j)
d
dt <
pˆiqˆj+qˆj pˆi
2 > =
1
M < pˆipˆj > −MΩ2 <
qˆiqˆj+qˆj qˆi
2 > −
∑
nCn < qˆ
(n)
i qˆj > +
θ
h¯MΩ
2ǫjk <
pˆiqˆk+qˆkpˆi
2 > +
+ θh¯ǫjk
∑
nCn < pˆiqˆ
(n)
k >
(126)
Alternatively, we may perform the calculation using eq.(38) instead:
d
dt < qˆi > =
<pˆi>
M +
θ
h¯MΩ
2ǫij < qˆj > +
θ
h¯ǫijAjk < qˆk > +
θ
h¯ǫijBjk < pˆk >
d
dt <
qˆiqˆj+qˆj qˆi
2 > =
1
M <
qˆipˆj+pˆj qˆi
2 > +
θ
h¯MΩ
2ǫik <
qˆj qˆk+qˆk qˆj
2 > +
θ
h¯ǫikAkl <
qˆj qˆl+qˆlqˆj
2 > +
+ θh¯ǫikBkl <
qˆj pˆl+pˆlqˆj
2 > +
θ
h¯ǫkjCki + (i←→ j)
d
dt <
pˆiqˆj+qˆj pˆi
2 > =
1
M < pˆipˆj > −MΩ2 <
qˆiqˆj+qˆj qˆi
2 > −Aik <
qˆj qˆk+qˆk qˆj
2 > −Bik <
qˆj pˆk+pˆk qˆj
2 > +Cij
+ θh¯MΩ
2ǫjk <
pˆiqˆk+qˆkpˆi
2 > +
θ
h¯ǫjkAkl <
pˆiqˆl+qˆlpˆi
2 > +
θ
h¯ǫjkBkl < pˆipˆl > − θh¯ǫjkDki
(127)
Equating (126) and (127), we obtain the following relations:


∑
nCn < qˆ
(n)
i >= Aij < qˆj > +Bij < pˆj >
Mjk =
θ
h¯ǫjlNlk =M11δjk
(128)
where:

Mjk ≡
∑
nCn < qˆ
(n)
j qˆk > −Ajl < qˆkqˆl+qˆlqˆk2 > −Bjl < qˆkpˆl+pˆlqˆk2 > +Cjk = Λjk + Cjk
Njk ≡
∑
n Cn < qˆ
(n)
j pˆk > −Ajl < pˆkqˆl+qˆlpˆk2 > −Bjl < pˆkpˆl > +Djk = Ωjk +Djk
(129)
Now let us go back to eq.(38) and consider all the terms that include contributions from the matrices C
and D: (
Cij − θh¯ǫjkDki
)
∂2Wr
∂pi∂qj
+Dij
∂2Wr
∂pi∂pj
+ θh¯ǫijCik
∂2Wr
∂qj∂qk
=
=
[(
Mij − θh¯ǫjkNki
)
− Λij + θh¯ǫjkΩki
]
∂2Wr
∂pi∂qj
+ (Nij − Ωij) ∂2Wr∂pi∂pj + θh¯ǫij (Mik − Λik) ∂
2Wr
∂qj∂qk
=
=
(
−Λij + θh¯ǫjkΩki
)
∂2Wr
∂pi∂qj
− Ωij ∂2Wr∂pi∂pj − θh¯ǫijΛik ∂
2Wr
∂qj∂qk
,
(130)
where we used (129) and the fact that M and N are symmetric and antisymmetric, respectively. Since the
matrices M, N do not contribute to our equation it is perfectly consistent to set them to zero. Altogether
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we have: 

∑
nCn < qˆ
(n)
i >= Aij < qˆj > +Bij < pˆj >
∑
nCn < qˆ
(n)
j qˆk >= Ajl <
qˆk qˆl+qˆlqˆk
2 > +Bjl <
qˆkpˆl+pˆlqˆk
2 > −Cjk
∑
nCn < qˆ
(n)
j pˆk >= Ajl <
pˆk qˆl+qˆlpˆk
2 > +Bjl < pˆkpˆl > −Djk
(131)
The coefficients A, B, C, D may now be determined from the previous equation once we have computed
the expectation values < qˆi >, < qˆ
(n)
i qˆj >, etc of the Heisenberg picture operators by solving the equations
of motion. Since the Hamiltonian is quadratic we have the following linear solutions:

qˆ
(n)
i (t) = α
(n)
ij (t)qˆj(t) + β
(n)
ij (t)pˆj(t) +
∑
m
(
a
(n,m)
ij (t)qˆ
(m)
j (0) + b
(n,m)
ij (t)pˆ
(m)
j (0)
)
qˆi(t) = αij(t)qˆj(0) + βij(t)pˆj(0) +
∑
m
(
a
(m)
ij (t)qˆ
(m)
j (0) + b
(m)
ij (t)pˆ
(m)
j (0)
) (132)
for some time dependent coefficients α
(n)
ij , β
(n)
ij , etc. Notice that we have chosen to express qˆ
(n)
i in terms
of qˆj(t) and pˆj(t), instead of qˆj(0) and pˆj(0). This is for later convenience [38]. If we substitute (132) in
(131) by keeping (30) in mind, we obtain:
Aij(t) =
∑
nCnα
(n)
ij (t), Bij(t) =
∑
nCnβ
(n)
ij (t)
Cij(t) = −∑n,mCn
{
a
(n,m)
il
[
a
(m)
jl <
[
qˆ
(m)
l (0)
]2
> +b
(m)
jk <
pˆ
(m)
k
(0)qˆ
(m)
l
(0)+qˆ
(m)
l
(0)pˆ
(m)
k
(0)
2 >
]
+
+b
(n,m)
il
[
a
(m)
jk <
qˆ
(m)
k
(0)pˆ
(m)
l
(0)+pˆ
(m)
l
(0)qˆ
(m)
k
(0)
2 > +b
(m)
jl <
[
pˆ
(m)
l (0)
]2
>
]}
Dij(t) = −M∑n,mCn
{
a
(n,m)
ik
[
a˙
(m)
jk <
[
qˆ
(m)
k (0)
]2
> +b˙
(m)
jl <
qˆ
(m)
k
(0)pˆ
(m)
l
(0)+pˆ
(m)
l
(0)qˆ
(m)
k
(0)
2 >
]
+
+b
(n,m)
ik
[
a˙
(m)
jl <
pˆ
(m)
k
(0)qˆ
(m)
l
(0)+qˆ
(m)
l
(0)pˆ
(m)
k
(0)
2 > +b˙
(m)
jk <
[
pˆ
(m)
k (0)
]2
>
]}
(133)
From (132,133) the problem is solved once we have the solutions of the equations of motion for the
Heisenberg picture operators. For the sake of simplicity we shall omit the hats over the operators. There
is no risk of confusion here as all variables appearing in the ensuing analysis are operators. The remaining
calculations are lengthy and involved. To keep the task as tractable as possible we have chosen to follow
ref.[38] step-by-step and to adopt their notation.
To solve the equations of motion it turns out to be more convenient to consider the following set of
variables: {
Qi = qi +
θ
h¯ǫijpj
Pi = pi
{
Q
(n)
i = q
(n)
i +
θ
h¯ǫijp
(n)
j
P
(n)
i = p
(n)
i
(134)
The rationale for this choice resides in the fact that
Pi =MQ˙i, P
(n)
i = mnQ˙
(n)
i . (135)
We then get the following set of equations of motion:

Q¨i +Ω
2Qi +
1
M
∑
nCnQ
(n)
i − θh¯MΩ2ǫijQ˙j − θh¯
∑
Cn
mn
M ǫijQ˙
(n)
j = 0
Q¨
(n)
i + ω
2
nQ
(n)
i +
Cn
mn
Qi − θh¯mnω2nǫijQ˙
(n)
j − θh¯Cn Mmn ǫijQ˙j = 0
(136)
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We start by solving the latter equation. The homogeneous equation reads:
Q¨
(n)
i + ω
2
nQ
(n)
i −
θ
h¯
mnω
2
nǫijQ˙
(n)
j = 0 (137)
Upon diagonalization we obtain the following solution:
Q
(n)
i (t) = λ
(n)
ij (t)Q
(n)
j (0) + ρ
(n)
ij (t)
P
(n)
j (0)
mn
, (138)
subject to the initial conditions:
Q
(n)
i (t = 0) = Q
(n)
i (0), Q˙
(n)
i (t = 0) =
P
(n)
i (0)
mn
. (139)
The matrices λ(n), ρ(n) are given by:

λ
(n)
ij (t) =
1
2Ωn
∑
σ=± {δij (Ωn − σλn) cos [(Ωn + σλn) t] + σǫij (Ωn − σλn) sin [(Ωn + σλn) t]}
ρ
(n)
ij (t) =
1
2Ωn
∑
σ=± {δij sin [(Ωn + σλn) t]− σǫij cos [(Ωn + σλn) t]}
(140)
where Ωn, λn are given by (27). It is useful to remark that:
λ˙
(n)
ij = −ω2nρ(n)ij , ρ˙(n)ij = λ(n)ij + 2λnǫikρ(n)kj . (141)
The matrix λ(n) is a solution of the differential equation:
λ¨
(n)
ij + ω
2
nλ
(n)
ij − 2λnǫikλ˙(n)kj = 0. (142)
Because of relation (141), ρ(n) is a solution of the same equation. Finally, they obey the following initial
conditions (cf.(139)): 

λ
(n)
ij (t = 0) = δij ρ
(n)
ij (t = 0) = 0
λ˙
(n)
ij (t = 0) = 0 ρ˙
(n)
ij (t = 0) = δij
(143)
A particular solution of the second inhomogeneous equation in (136) is given by:
g
(n)
i (t) = −
Cn
mn
∫ t
0
ds ρ
(n)
kj (t− s)
(
δik − Mθ
h¯
ǫik
d
ds
)
Qj(s), (144)
which satisfies the initial conditions:
g
(n)
i (t = 0) = g˙
(n)
i (t = 0) = 0. (145)
Altogether, the complete solution of the second equation in (136) subject to the conditions (139) is:
Q
(n)
i (t) = λ
(n)
ij (t)Q
(n)
j (0) + ρ
(n)
ij (t)
P
(n)
j (0)
mn
+ g
(n)
i (t). (146)
If we substitute this expression in the first of eqs.(136) we obtain after some algebra the noncommutative
Langevin equation:
Q¨i(t) + Ω
2Qi(t)− θ
h¯
MΩ2ǫijQ˙j(t) +
2
M
∫ t
0
ds ηkj(t− s)
(
δik − Mθ
h¯
ǫik
d
ds
)
Qj(s) =
fi(t)
M
, (147)
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The inhomogeneous term in (147) is:
fi(t) = −
∑
n
Cn


[
λ
(n)
ij (t) + 2λnǫikρ
(n)
kj (t)
]
Q
(n)
j (0) +
[(
1 +
4λ2n
ω2n
)
ρ
(n)
ij (t)−
2λn
ω2n
ǫikλ
(n)
kj (t)
]
P
(n)
j (0)
mn

 .
(148)
Equation (147) describes the motion of a noncommutative Brownian particle in a dissipative medium with
”random” force fi(t) satisfying (cf.(30,40)):
< fi(t) >= 0, <
{
fi(t), fj(t
′)
}
>= h¯νij(t− t′), (149)
where {A,B} = (AB +BA) /2 is the anticommutator. Notice that in the commutative limit θ → 0,
eqs.(41,140,148) reduce to:


λ
(n)
ij (t) −→ δij cos(ωnt), ρ(n)ij (t) −→ δijωn sin(ωnt)
I+(ω) −→∑n C2n2mnωn δ(ω − ωn), I−(ω) −→ 0
fi(t) −→ −∑nCn
[
Q
(n)
i (0) cos(ωnt) +
P
(n)
i
(0)
mn
sin(ωnt)
ωn
]
,
(150)
which are the expected results [38]. Our aim is to solve eq.(147). As in [38], we solve it for two different
sets of initial conditions3:
Qi(s = 0) = Qi(0), Q˙i(s = 0) =
Pi(0)
M
, (151)
and
Qi(s = t) = Qi(t), Q˙i(s = t) =
Pi(t)
M
, (152)
where t > 0 is any given time. The solution of the homogeneous equation (fi(t) = 0) (eq.(147)) is given
by:
ωi(s) =
[
uij(s)− vik(s) (v˙(0))−1kl u˙lj(0)
]
Qj(0) + vik(s) (v˙(0))
−1
kj
Pj(0)
M
. (153)
The particular solution to eq.(147) with initial conditions ω˜i(s = 0) = ˙˜ωi(s = 0) = 0, can be formally
written as:
ω˜i(s) =
1
M
∫ s
0
dτ G
(1)
ij (s, τ)fj(τ), (154)
where G(1)(s, τ) is the Green function (44). The solution of (147) with the conditions (151) is then:
Qi(s) = ωi(s) + ω˜i(s) =
[
uij(s)− vik(s) (v˙(0))−1kl u˙lj(0)
]
Qj(0) + vik(s) (v˙(0))
−1
kj
Pj(0)
M
−∑n CnM ∫ s0 dτ G(1)ij (s, τ)
[
λ
(n)
jk (τ) + 2λnǫjlρ
(n)
lk (τ)
]
Q
(n)
k (0)
−∑n CnM ∫ s0 dτ G(1)ij (s, τ)
[(
1 + 4λ
2
n
ω2n
)
ρ
(n)
jk (τ)− 2λnω2n ǫjlλ
(n)
lk (τ)
]
P
(n)
k
(0)
mn
.
(155)
3As in [38] s is henceforth the variable and t a specific fixed time. This is related with the fact that in eq. (132) we
expressed q
(n)
i (t) in terms of qi(t), pi(t) and not qi(0), pi(0).
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Likewise, from (46,135,155) we get:
Pi(s) =M
[
u˙ij(s)− v˙ik(s) (v˙(0))−1kl u˙lj(0)
]
Qj(0) + v˙ik(s) (v˙(0))
−1
kj Pj(0)
−∑nCn ∫ s0 dτ [ ddsG(1)ij (s, τ)
] [
λ
(n)
jk (τ) + 2λnǫjlρ
(n)
lk (τ)
]
Q
(n)
k (0)
−∑nCn ∫ s0 dτ [ ddsG(1)ij (s, τ)
] [(
1 + 4λ
2
n
ω2n
)
ρ
(n)
jk (τ)− 2λnω2n ǫjlλ
(n)
lk (τ)
]
P
(n)
k
(0)
mn
,
(156)
Next, we look for the solutions of the homogeneous eq.(147) (fi(t) = 0) with initial conditions (152). The
result is:
Zi(s) =
[
vij(s)− uik(s) (u˙(t))−1kl v˙lj(t)
]
Qj(t) + uik(s) (u˙(t))
−1
kj
Pj(t)
M
. (157)
The solution of the inhomogeneous eq.(147) with the conditions Z˜i(s = t) =
˙˜Zi(s = t) = 0, is given by:
Z˜i(s) =
1
M
∫ s
t
dτ G
(2)
ij (s, τ)fj(τ), (s ≤ t) (158)
where G(2)(s) is the Green function (44). Altogether, the solution of (147) with the conditions (152) is
then:
Qi(s) = Zi(s) + Z˜i(s) =
[
vij(s)− uik(s) (u˙(t))−1kl v˙lj(t)
]
Qj(t) + uik(s) (u˙(t))
−1
kj
Pj(t)
M +
+
∑
n
Cn
M
∫ t
s dτ G
(2)
ij (s, τ)
[
λ
(n)
jk (τ) + 2λnǫjlρ
(n)
lk (τ)
]
Q
(n)
k (0)+
+
∑
n
Cn
M
∫ t
s dτ G
(2)
ij (s, τ)
[(
1 + 4λ
2
n
ω2n
)
ρ
(n)
jk (τ)− 2λnω2n ǫjlλ
(n)
lk (τ)
]
P
(n)
k
(0)
mn
.
(159)
From (46,135,159) we get:
Pi(s) =M
[
v˙ij(s)− u˙ik(s) (u˙(t))−1kl v˙lj(t)
]
Qj(t) + u˙ik(s) (u˙(t))
−1
kj Pj(t)+
+
∑
nCn
∫ t
s dτ
[
d
dsG
(2)
ij (s, τ)
] [
λ
(n)
jk (τ) + 2λnǫjlρ
(n)
lk (τ)
]
Q
(n)
k (0)+
+
∑
nCn
∫ t
s dτ
[
d
dsG
(2)
ij (s, τ)
] [(
1 + 4λ
2
n
ω2n
)
ρ
(n)
jk (τ)− 2λnω2n ǫjlλ
(n)
lk (τ)
]
P
(n)
k
(0)
mn
.
(160)
Substitution of (159) in (144,146) yields:
Q
(n)
i (t) = λ
(n)
ij (t)Q
(n)
j (0) + ρ
(n)
ij (t)
P
(n)
j
(0)
mn
− Cnmn
∫ t
0 ds ρ
(n)
kj (t− s)
(
δik − Mθh¯ ǫik dds
){[
vjl(s)− uja(s) (u˙(t))−1ab v˙bl(t)
]
Ql(t) + uja(s) (u˙(t))
−1
al
Pl(t)
M +
+
∑
m
Cm
M
∫ t
s dτ G
(2)
ja (s, τ)
[
λ
(m)
al (τ) + 2λmǫarρ
(m)
rl (τ)
]
Q
(m)
l (0)+
+
∑
m
Cm
M
∫ t
s dτ G
(2)
ja (s, τ)
[(
1 + 4λ
2
m
ω2m
)
ρ
(m)
al (τ)− 2λmω2m ǫarλ
(m)
rl (τ)
]
P
(m)
l
(0)
mm
}
.
(161)
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And similarly:
P
(n)
i (t) = mnλ˙
(n)
ij (t)Q
(n)
j (0) + ρ˙
(n)
ij (t)P
(n)
j (0)
−Cn
∫ t
0 ds ρ˙
(n)
kj (t− s)
(
δik − Mθh¯ ǫik dds
){[
vjl(s)− uja(s) (u˙(t))−1ab v˙bl(t)
]
Ql(t) + uja(s) (u˙(t))
−1
al
Pl(t)
M +
+
∑
m
Cm
M
∫ t
s dτ G
(2)
ja (s, τ)
[
λ
(m)
al (τ) + 2λmǫarρ
(m)
rl (τ)
]
Q
(m)
l (0)+
+
∑
m
Cm
M
∫ t
s dτ G
(2)
ja (s, τ)
[(
1 + 4λ
2
m
ω2m
)
ρ
(m)
al (τ)− 2λmω2m ǫarλ
(m)
rl (τ)
]
P
(m)
l
(0)
mm
}
.
(162)
Using these expressions as well as the relations (133,134), we obtain after some manipulations:
α
(n)
ij (t) = − Cnmn
∫ t
0 ds
[(
1 + 4λ
2
n
ω2n
)
ρ
(n)
kl (t− s)− 2λnω2n ǫkrλ
(n)
rl (t− s)
] (
δik − Mθh¯ ǫik dds
) [
vlj(s)− ula(s) (u˙(t))−1ab v˙bj(t)
]
β
(n)
ij (t) = − CnmnM
∫ t
0 ds
[(
1 + 4λ
2
n
ω2n
)
ρ
(n)
lk (t− s)− 2λnω2n ǫlrλ
(n)
rk (t− s)
] (
δil − Mθh¯ ǫil dds
)
×
×
{
uka(s) (u˙(t))
−1
aj +
θM
h¯ ǫrj
[
vkr(s)− uka(s) (u˙(t))−1ab v˙br(t)
]}
(163)
And also:
a
(n,m)
ij (t) =
[
λ
(n)
ij (t) + 2λnǫikρ
(n)
kj (t)
]
δn,m − CnCmmnM
∫ t
0 ds
∫ t
s dτ
[
λ
(m)
kj (τ) + 2λmǫkrρ
(m)
rj (τ)
]
×
×Λ(2)lk (s, τ)
[(
1 + 4λ
2
n
ω2n
)
ρ
(n)
il (t− s)− 2λnω2n ǫipλ
(n)
pl (t− s)
]
b
(n,m)
ij (t) =
ρ
(n)
ij
(t)
mn
δn,m− CnCmmnmmM
∫ t
0 ds
∫ t
s dτ ρ
(m)
kj (τ)Λ
(2)
lk (s, τ)×
×
[(
1 + 4λ
2
n
ω2n
)
ρ
(n)
il (t− s)− 2λnω2n ǫipλ
(n)
pl (t− s)
]
(164)
Moreover:
a
(n)
ij (t) = −CnM
∫ t
0 ds
[
λ
(n)
kj (s) + 2λnǫklρ
(n)
lj (s)
]
Λ
(1)
ik (t, s)
b
(n)
ij (t) = − CnmnM
∫ t
0 ds ρ
(n)
kj (s)Λ
(1)
ik (t, s)
(165)
Finally, if we substitute eqs.(163-165) in (133), we recover (47,48).
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